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On the Speed of Propagat ion of Waves

in a Deformed Elastic Material
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K.N. Sawyers and R.S. Rivlin

Center for the Application of Mathema ti cs

Lehigh University, Bethlehem , Pa.

ABSTRACT

The secular equation is obtained for smal l ampl itude

waves propagated in an arbitrary direction in a body of in-

compressible isotropic elastic material subjected to a pure

homogeneous deformation . Conditions are obtained that the

wave speeas be real.
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1. Introduction

In a previous paper [1], we have considered the propagation

of plane sinusoidal waves of infinitesimal amplitude in an in-

compressible isotropic elastic material which is subjected to

an initial static pure homogeneous deformation . There the

secular equation was obtained for waves propagated in an arbi-

trary direction in a principal plane of the pur e homogeneous

deformation. The requirement that the wave speeds be real for

all such directions of propagation led to certain necessary and

sufficient conditions on the form of the strain-energy function

w . These conditions are expressed by equations (4.6) below

with the notation of (3.13). The conditions (4.6)i were pre-

viously given by Baker and Ericksen [2], while the conditions

(4.6)z were not , we believe , previousl y known .

In another paper [3] , we conjectured that more stringent

conditions on w than those in (4.6) might arise from the

requirement that the wave speeds be real for arbitrary direc-

tion of propagation , not necessarily in a principal plane of

the static pure homogeneous deformation. It is argued here

(~5) that this is certainly not true in the case when two of

the princip al extension ratios are equal.

1 In the present paper we obtain the secular equation for

waves propagated in an arbitrary direction in the deformed

material. From it we easily obtain necessary and sufficient

conditions that the wave speeds be real. However , these con-

ditions involve not only the principal extension ratios and

the derivatives of w with respect to the strain invariants,
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but also the direction of wave propagation . We have not , so

far, been able to obtain the necessary and sufficient con-

ditions in a form which is independent of this direction for

arbitrary strain-energy functions and arbitrary values of the

principal extension ratios associated with the pure homogeneous

deformation.

However , in §6 , it is shown that for strain-energy functions

of the Mooney-Rivlin type , the Baker-Ericksen conditions provide

necessary and sufficient conditions for the velocities of waves

propagated in an arbi trary direc tion to be real. Essentially

the same result was previously obtained by Ericksen [4] in his

study of the propagation of a second-order discontinuity in an

incompressibl e isotrop ic elastic material.

Finally, in §7 it is shown that if w depends on only one

of the two strain invariants i1 and i2, defined in (2.4),

then the restrictions expressed by equations (4.6) are necessary

and sufficien t that the wave speeds be real for arbitrary direc-

tion of propagat ion .

1
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2. Basic equations

We consider a body of incompre ssible isotrop ic ela st ic

material subjected to a pure homogeneous deformation with exten-

sion ratios X J , ?~2,X 3 
and principal directions parallel to the

axes of a rectangular cartesian coordinate system x . In this

deformation , a particle which initiall y has vector position ~

with respect to the orig in of the system x moves to vector

position X , where

X = A~ , A = diag(A 1,A 2,X 3) (2.1)

and

detA = A 1A 2A 3 
= 1 . (2.2)

We now assume that a plane sinusoid al wave of small ampli-

tude propagates in the deformed materia l . With the usual com-

plex notation , the vector displacement u may be written in

the form

U = U expj [w (S9..X-t)] , (2 .3)

where U is a constant vector , w is the angular frequency

of the wave , S is its complex slowness and 9. is a unit vec-

tor in the direction of propagation .

For an incompressible isotropic elastic material , subjec ted

to a deforma tion in which a par t icle init ially at ~ moves to

x at time t , the strain-energy w , measured per unit

volume , is expressible as a function of i1 and i2 , thus

• 
~~~~~~~~~~~~~~~~~
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w w(i1,i2) (2.4)

where i1 and i2 are defined by

i. = tr C , = 

~-[(tr c)
2 

- tr c2] , (2.5)

and c = 
~ 
c1~ is the Finger strain matrix , referred to the

system x , defined by

c.. = x . x .  (2.6)
13 1 ,~~ i , ct

x~ and are the components of x and ~ in the system x

H and ,~~~ denotes differ enti .ition with respect to . Corres-

pondingly, the Cauchv strs ss ma trix a = , referred to

the system x , is given h~

a = 2[(w1+i 1w~ )c 
- w ,~c ]  - p

~ , (2.7)

where p is an arhitra~ ’: hydr ostati c pi’es~ sir e , ó is the unit

matrix , and th~ not ;i t ion

= = (2.8)

is used. S~ nce the material considered is incompressible , the

deformation ~radi ents x . tust satisfy the condition

de t 1 x
1 1  

= 1 . (2.9)

1~.s now assume that

. . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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x X + R e u = A~~ + R e u , (2.10)

where u is given by (2.3) and is assumed to be sufficiently

small so that we can linearize in it. We then obtain [1] from

(2.7) and the equations of motion , the fo llowing equa tion

= pU~ , (2.11)

where Q is an arb it r ary cons tan t and Q~ is def ined by

Q i j  
= Rjjkuk (2 . 12)

*wi th

RABC = 2{[W1+(I1-A~~-X~ )W 2] (A A 9.A~ BC + A B~B~AC)

+ 2
~~

X
~
9.C [W 2+ W11+(2I 1-A ~ -X~ )w (2.13)

+ 
~~~~~~~~~~~~~~~~~~~~~~~

1
In (2.13) the notation

11 = i1f ~~0 ‘ 
12 

= i
2!~~=O

::~~~~~:~~=0 ‘ 

,

W2

e:c

~~
2!
~
=0 

. (2 .14)

u=0
is used.

* The summation convention is not applied to upper case Latinsubscr ipts.
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In a similar manner , we ob ta in fr om ( 2 . 9) ,  (2 . 10) and
(2.3),

= 0 . (2.15)

In the previous paper [1], we used (2.11) and (2.15) to

obtain the secular equation for S in the particular case when

the wave propagates in a principal plane of the pure homogeneous

deforma t ion , i.e . when either 9.
J., ~~ 

or 9.
3 i s zero . In the

nex t sect ion , we obtain the secular equation without this

res tr ict ion.

~~~1~~1
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3. The secular equation

We can eliminat~- Q from equation (2.11) by multi plying

it throug hout by ~~~~~~ where cmni is the alternating symbol.

We then obtain

= (3. 1 )

where we have introduced the not~ tion

a S 2 / c ~ . (3.2)

Introducing (2.12) into (3.1), we ob ta in

l~rnk U k = 0 (3.3)

where

n~~~~~ij k
2’ j  - 6 ik~~~n (3. 4 )

We n o t e  t h i t  t h ~ t h r e e  e q u a t i o n s  r e T~r e s en t ~~d hv ( 3 . 3 )  a re  not

l in ea r ly  in r l c p e n d e n t , s ince  RI11k
P

m 
i s  ide n t i c~i l 1y  z e r o .

Tak ing  m = 1 ~~~ 2 i~ ( 3 .~~),  ~~ h av e  t~~ t ~~~~~~~~ ions

R 1 k~ k 
= 0 . R . ~ IJ~ = U . (3.5)

The necrssarv ani su ffi cient conditi on for (3.5) and (2.15)

to yield a non -trivial solut Ion for U k i s

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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£ijkRljR2k9.i = 0 . (3.6)

With (3.4) this can be rewritten as

2
- + = 0 , (3.7)

where

= C ijkClmn C2rsRnpj Rsqk9.p 9.q9.m 9.r9.i

= eijkdlmn c2rs (R npj~ p~ sk 
+ Rsqkiqónj )9.m9.r9.i (3.8)

= eijkclmj c2rk9.i9.m zr

After some algebraic manipulation , we obtain

= Z
3E ijk9.i9.p 9.q (9.1R?pj R3qk 

+ 9.2R3pj Rlqk 
+ 9.

3RlpjR2qk)

= i
39.p

(R kpk 
- 9.k9.rRkpr ) (3.9)

1 = 9.
3 .

Introducing (3.9) into (3.7), we obtain , p rovided tha t*

+ 1 = 0 ~ (3.10)

* If £3 = 0 , we take in = 2 and 3 , or 3 and 1 , in (3.4) to

obtain another pair of equations instead of (3.5). Then , by
a similar procedure to that used above , we arrive at (3.10) with
(3.12).



~~~~~~~~~
_
i . .

_ 
~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~

- 

• 

- -

~~~~~~~

- 10 -

where

= 

A ,B ,C , 
ABC A P Q  1 PBR3QC 

+ i2R 3PBR1QC

P,Q
+ 9.

3R PB R QC) (3.11)

A ,B ,C~~ 
ABA - 9.A 9.CRABC )

Now , in t r o d u c i n g  ( 2 . 1 3 )  in to  (3 .11 ) ,  we ob t a i n

= 4 ( ~ 2~~~ . ) { ( X ~~~~K~ k 3 +~~~)

+ w1[ ; ~~( - X ~ yM 1 + . .] }

+ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~
. .1

- l69.~ 9.~~~ ( - X ~ )
2 ( - ) 2(A~~- )

2(W~2 -iV~1W22) , (3.12)

= 2~~[K
1

(A~~~ + X~~2.~~) + ..

S 
+ [(X

2 X
2
)
29.2~~~l + • • ] }

where the  do t s  deno te  t e rms  o b t a i n e d  f rom those  shown by cyclic

permut a ti o n of t he  subsc r ip ts 1, 2 , 3 on the  \ ‘ s , 9.’s, K ’ s and

M’ s , and and M ,\ are defined by

= W
i 

+

(3.13)

~
1A 

= 2(W11 ÷ 2x ’\1c12
+ 

~~\~~22~

i(

____  ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ ..
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From (3 .12 )  it f o l lo w s , a f t e r  somewhat l eng tny  a lgebra ic

manipulation , that

~2 4~ = 4W [A~~~~(X~ -X~ )
2 

+

+ ~~~~~~~~~~~~~~~~~~~~~~~ 
+ ..

+ 8W 2
{ ~ (x 2 X ”) 2

~~
2 t~~~x 2 (~~~-~~~) (‘~~ + 9.~~)

+ ~~~~~~~~~~~~~~~~~~~ 
+

2 2 2 2 ~~ 
2

+ 4{ [ (X~~-X
3) 2

9.
3

1
~ 

+ .. I

+ 16 9.~~( X X 3
) ( A 3 1 ) 1~~ 2

) ( 2~~11W22~~ (3.14)

It is of interest to note that ~2 4a is independent of W1.

The necessary and sufficient conditions for the secular

equation (3.10) to yield two positive roots for a , i. e . for

2
S , are

~ > 0 , ~ 
> 0 4a . (3.15)

The remainder of this paper is concerned with the conditions

which must be satisfied by w so that (3.15) shall be satisfied .
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4. Propagation in a principai çlane

If the dire ction of propagation of the wave lies in the

principal plane normal to the 3-direction , so that = (9.1,Q2,0),

then equations (3.12) can ho ~ritten a.s

= ~~~ 1z 1~~2~ K , ) { K ~~( Z ~~~A 7 9.~~) 2

+ 9.2~
2(A + X )2 [K +  ( X - ) ) 2 M ] }

(4.1)

= 2 {~~~Z~~K 2 
+ :k~~2.~~K , + k 3 i~~1 2 ~~

2)

+ 
~~~~ (A 1 2 )

2 [K ~\ - X )~~ 1 I  }

an d e q u a t i on (3 .~~~) can be written as

= 
2 i ~~1~~~3~~~2~ 

+

~~~~~~~ 2 ‘~~2 2
+ 

~~~ 2 : .
X
2) 3

) (4.2)

We note  t ha t  t h e  w o a k  i n e q u a l i t y  (3 .15 ) 3 is  au to m a t i c a l ly

satisfied.

A gain , if the ~1irecti on of prc-pa~~Ition of the wave is a

princi pal direct i. on fr~ the oure homogcne~~ss deformation , sa

the directi on (1,0,0), t~~~cn equations p .1) become

= 4 } ~~K~ , ~~~~~~~~~ . (4.3)

An a l o g o u s  e x pr e s s i o n s  fo r  ~. and e may he w r i t t e n  in the

cases wh ’n th~ direction of p rop an at 1m~ i~ - (0 , 1 , 0) and (0 , 0 , 1)

and it is t h e n  seen t h . i t  n c ~~~ar ~. o n d i t i o n s  fo r  ~ > 0 and

~~> 0  are

K , > 1) (A = 1 ,2 ,3) . (4.4) 
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These conditions are known as the Baker-Ericksen condition s [2]

Returning to (4.1)i,  we see that provided (4.4) is satis-

fied , the necessary and sufficient condition for a > 0 is

K3
+ (X 1-X 2)

2M3
> 0 . (4.5)

If (4.4) and (4.5) are satisfied then , from (4.1)2, ~ 
> 0 .

Analogous argument s based on the expressions for a and ~

obtained by taking 2. = (0,9.2,9.3) and (9.~~ 0~ 9.
3) in (3.12),

lead to the Conclusion that the necessary and sufficient conditions

for (3.15) to be satisfied for all £ parallel to a principal

plane are

KA 
> 0 and (A B

)
~C

) M A + KA > 0 , (4 . 6)

where A ,B,C is a cyclic permutation of 1 ,2 ,3. This resul t was

previously obtained by a slightly different path in [1].

It will now be shown that if the conditions (4.6) are satis-

f ied by w , then ~ > 0 for al l  £ . To see this we rewrite

(3.12)2 in the form

= [K 1~~(X 22.~ -A 3
9.~ )

2+ ~~~~~~~~~~~~~~

+ [ . . . I + [ . . . ] + b , (4 .7)

where

b = [(A +X
3)

29.~ 9.~ f(X 2-X
3)

2M1
+ K1}J

+ [ ... I + [ .. . ] . (4 .8 )

— ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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5 . Two pr inci pal extension ratios equal

In this section we will show that if two of the principal

extension ratios are equal , then the conditions (4.6) imp ly that

the conditions (3.15) are s a t i s fi e d  for  a r b i t r a ry  £ -

Let

A
2 

= A 3 A , say . (5.1)

Then , from (2.2)

= A 2 
(5.2)

and the inequalities (4.6) become

K1 > 0 , K > 0 ,

(5.3)
3(A -l )~~1 + A  K > 0

where , from (3.13),

K1 
= ,c

1+ X ’
~W2 , K = K =  K . = W 1+ ~

2 W

(5.4)
= 1

2 M~ = 2(W
11

+2A 2W
12 

+

W i t h (5 . 4 ) ,  we o b t a i n  from (3 .12)
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= .U-
~~ {~~ K + ;\ (~~~~~~~~+ 9 .

2
) R }{x ~~~~~[x

3
( 9 .

2
+~~~~~~~~

) 
-

~ (A 3+1 ) 2 ( + t ~~) [ ( x 3 -1)~~M + X~ K J}
(5.5)

~ 6= {(  +Z~~ [(K 1+K )’~
’ + \L (\

+ 2 K ~. 9.~~

It follows from (5.4 )  a : d  ( 5 . 5 )  t h a t

= 
_

(A E
~~l)

2 ( + ) ~~[\~~h~ + (A 6~ l )~~~M]2 - (5.6)

It is evident that if the conditions (5.3) are satisfied , then

the exp re s s ion s for  a , : and ~2 4~ given in (5.5) and (5.6)

s a t i sf y ( 3 . 1 5 ) .

Th i s  re~ u 1t , t h a t  i i  t ’~.o of the princi pal extension ratios

a re equa l , t h e  conJ itions (4.6) impl y (3.15) for arbitrary £

• - is , of course , by no me~ ns u n L x a e c t e d .  For t h e  co n d i t i o n s

(4 . 6) ar e  t h e  co~s d i t i o n s  th at  (3 .15)  he v a l i d  f o r  a l l  2

parallel ~o a p r i n c i p a l  p l a n e .  I f  t~~o Df the extension ratios

• are equal thc -n ~n~v d~ rec~ ion is parallel to a princ ipal plane.

It shou ld be noted t h a t  even i f  w re strict ourselves to

u n d c r l v i .ng p u r e  h o m o p c ’~cn u s  de f or o a  ions  fo r  ~% h i c h  two of t he

p r i n c i p a l e x t  n s i o r .  r a t  i o s  ar  equ i i . we c s c o o t  e n s u re  t h a t

the  v e l o c i t i e s  of ~ ave  ~ r o p a g a t  ioa s h i l l  he r ea l  f o r  al l prop~-

g at i o n  d i r e ’ :  ion :~ by  ~m~~-s i i ig  s es~ n e t  i o n s  on w beyond t h o se

implied h v  ( 5 . 3 ) .  For , we can choose a direct ion of propagation

for  whi~:h = 1. and  o b t a i n  f rom ( 5 . 5 2 ,  6 = 4KX~~ , so
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tha t the cond it ions 6 > 0 an d K > 0 are iden tical .  Again ,

by ch oosin g 
~~ 

= 0 , 
~~~~~~~~~~~~~~~ 

becomes a. = 4 X~ K1K , which , with

K > 0 and the condition a > 0 , yields K1 > 0 . Finall y,

it is possible to choose a direction of propagation for which

= A 3 (Z~~+~~~) , and it follows from 
~~~~~ 

, with K1 > 0

and K > 0 , that a. > 0 only if (5.3)3 is satisfied .

In a previous paper [3] , Sawyers and Rivlin conjectured

that the conditions (4.2), which are the necessary and sufficient

condition s for the wave velocities to be real for directions of

propagation parallel to a principal plane , mi ght be r eplac ed by

the stronger conditions

> 0 , (\~ + X B ) 2’d r + Kc > 0 , ( 5 .7 )

where A ,B ,C is a cyclic permutation of 1,2,3, if we wi sh to

ensure  t h a t  the ~% a v e  v e l o c i t i e s  be rea l  for  a r b i t r a r y  d i r ec t i ons

of propagation . That this is not true , in general , is evidenced

by the above discussion , and also from the results g iven in

§ 7 be low.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-•  ~~~~~~~~ I•~:: . -• ~~~~~•. -
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6. The Mooney-Rivlin material

We now consIder a material for which the strain-energy

func t ion is given by

w = C1(i 1-3) + C 2 (i 2 -3)  (6.1)

where C1 and C2 ar e cons tan ts. Then ,

W1= C1 , W~= C2 , W11= W
22 = W1~~= 0 . (6.2)

It follows from (3.13) that

KA 
= C1 + X~~C 2 , MA 

= 0 . (6.3)

Then , fr om (3 .12) ,

a = 4(X~ 2.~ + .. ){X~ 2.~ K2K3
+ .. }

(6.4)
6 = 2 [ K 1(A 2.~~+ X~~9.~~) + . .3

We shall assume that the underly ing pure homo geneous de-

formation to which the body is subjected is such that the three

principal extension ratios are all different *. We may assume ,

wi thou t loss of gener ali ty , that x 1> A 2> A
3 

. I t fo l l ows from

(6.4) and (6.3)i that

* r f  this is not the case , the ana lys i s of the preceding sec t ion
is app licable.

L .. • ~~~~~~~~~~~~~~~~~~~~~~~~~ . • . ~~~~~~~~.
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6
2_4ci = 4C~ {[A~ & (A~~-A~~) + A~ 9.~~(X~ -X~ ) -

+ ~~~~~~~~~~~~~~~~~~~~~~~~~~ . (6.5)

From (6.4) it follows that the conditions a > 0 , 6 > 0

are sa tis f ied for all Z if and on ly if KA > 0 (A=1 ,2,3)

It is , of cour se , evident from (6.5) that the condition

6
2-4a > 0 is automatically satisfied .

j
,1 ~

— -.- --_ _..-
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7. Two additiona l special casec

In this section we shall di scu ~-,s the cases when w is a

function of i1 only on of i . only.

If w is independent of i2 ,  so th at

w = f(i~ ) , (7.1)

then equations (3.13) become

= f ’ 
, = 1~ (.-\= 1 ,2 ,3) (7.2)

where the prime denote~ differentiation w ith respect to i1.

The conditions (4.6) then hccome

5 

1 ’> 0 , 2(A \ -~~ )
2f” + 1’ > 0 - (7.3)

wher e AB = 2 3 , 31 , 12 .

With (7 .1) and  (7 . 2 ) ,  we o h t a i n  p rom (3.12) i and (3.14)

= 4 ( \ 2 9.2~ .. )f ’ I ()~~~~~~+ . .

+ 3~
”[ (\2~ \2) 2+ .. J }  , (7.4)

lt)[(~~-\~~)
2Z~ Q3÷ ..

It is e v i d e n t  t h a t  ~ 0 For all foru s s of f -

We shall m w  show t h a t  a 0 for a ll  functions f which

satisfy (7.3~ . I t  i s , o f  coui so , e v i d e n t  t h a t  t h e  c o n d i t i o n s

H (7.3) are satisf ied for i ll fun t ions I for which f ’> 0 and

f”> 0 and , for all s u c h  functions , 1 > 0 . We according ly

consider only functions f for which f ’> 0 and f”< 0

- - - -- 
_________ 

~~~~~~~~~~~~~~~~~~~~~~~~~
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Let us assume* that A1
> A2

> A
3 . Then , the condition

2(A 1 -A 3)
2f” + f’ > 0 (7.5)

implies the remaining two conditions 
~~~~~~ 

We may rewr ite
(7. 5) as

2(A1-x 3)
2f” + f’ = c , ~ > 0 . (7.6)

Then , with (7.6)1, equation 
~~~~~~~~~~~~~~~ 

bec omes

4 ( A 29.2 + )
a 1 1 f ’ {Ff ’ + c [ ( A 2 -X 2 ) 2 9.2 2 2 

+ .. ] }  , ( 7 . 7 )
1 3

where

F = (A 1- A
3 ) 2 (A~~9.~~+ .. ) - [ ( A ~~-X ~~) 2 9.~~Q~ ~~~~

.. ] . ( 7 . 8 )

We now show that F > 0 . Since 9~ = 1 - 9 .~~-2~ , we can re-

write (7.8) as

F = A~~(A 1-A 3 ) 2 + (A~~-X ~~) [ ( A 1-A
3 ) 2 - (X ~~-X ~~) ] 9 .~

- (A~~-X ~~) [ (A 1-X
3 ) 2 + (X 2 -A 2 ) 3

+ [ ( A ~~-A~ )9.~ - (A - A ~~) 9 .~~] 2 
. (7 . 9)

Regarding F as a function of and 2.~ , we see that if

F has a m inimum , it occurs when ~F/a (9.~ ) = ~F/~~(2.~ ) = 0

i. e . when

* The case when two of the A’ s ar e equal is covere d in § 5. 

-— - --- ~~~~~~~~~~ • - • 
~~~~~ ~~~~~~~~
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(k~ -A~ )2.~ - (A~~-X ~~) 2 .~~= 4[ (X 1
.X

3 ) 2
~ (A ~~-x ~~) ]

(7 .1 0)
(X~~-X ~~) 9 .~~- (X ~~- X ~~) Z ~~= ~~~~~~~~~~~~~~ (X 2

~~~
2 ) ]

Since A 1 > A
3 , equations (7 .10) evidentl y y ield no solution

for and and , accordingl y , F cannot assume a minimum

value .

We find , from ( 7 . 9 )  and the fact that i is a unit vector ,

that

F (9. 0 (A 1-\
3 ) 2 (k 2 9.~~-A

3
4~~) 2 

2
+ (A 2 +~~3 ) (A 1- k 2 ) ( A 1+ X 2 - 2 X

3 ) 9 . 2 2. > 0

Fj 9 . 0  
= (A 1-~ 3)

2 (X1~~ -\ 2~~ )
2 (7.11)

+ (X 1+X 2)
2(~ 2-A 3

) ( 2A 1-~ 2 -A
3)~~~

Z~ > 0

F k o  = (A 1- A 3 ) 2 (A 1~~~-A
3i~~)

2 > 0

We note that F~~~~ 0 
= 0 if and only if X 1c~~_ A

3
2.~ = 0

The domain in the ~~~~~ plane for which 2 is a unit vector

is the triangular domain bounded by the lines = 0, = 0

and ~~+ 2.~ = 1 . It. follows from (7.11) that F > 0 on the

boundary of this domain . If F < 0 at any point in the

interior of the domain , it follows (see , for  ex ample , [ 5 ] )

that it must assume a minimum value in the interior of the

domain . However , we have seen that it does not assume such a

minimum . Acc ordingly, F > 0 at all points of the closed

domain , i.e. for all 2. . It follow s from (7.7 ) and (7 . 6) tha t

> 0 for  all £ if w h as the form (7 . 1 ) and the cond iti on s

(4.6) are satisfied.

I— -— 
- -
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We now turn to the case when w is independent of i1 and

wri te

w = g ( i2) (7 . 12 )

Then , the conditions (4.6) become

> 0 , 2 ( X ~~~
A B ) 2 A~ g +  g ’ > 0 , (7.13)

where the prime now denotes differentiation with respect to

With (7.12) and (3.13), we obtain from (3.12)

a = 4g ’ (g’~~ + 2g”~ 3) 6 = 4(g ’~~2
+ g”41)

(7.14)
= l6 {~~~(g”)

2 + 2(~1~2-t 3)g
’g” +

where

-

~~~~~ 

= ~~~~~~~~~~~~~~~~~ +

= ~~~~~~~~~~~~~~~ + .. } 
‘ 

(7.15)
= ~~~~~~~~~~~~~ + .

= X 2 2.2 
+

14 1 1

We may rewrite (7.14)z in the form

62 -4a. = l6~~[~ 1g
” + 

~~2 ~~ )g
’]2

+ ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ ~~)} . (7.16)

After some lengthy calculation , we obtain

24 1~~2 4 3~ ~~~~ 
= ~~~~~~~~~~~~~~~~~~~~~~~~~~~ > 0.

(7.17)
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Thus , the condition 6
2
~ 4c* > 0 is satisfied for all g

It is evident that the conditions (7.13) are satisfied for

all g for wh ich g ’ > 0 and g” > 0 and , a > 0 for all

such g . We accordingly consider only functions g for wh ich

g’ > 0 and g” < 0 . Let us assume A 1 
> A~ > A

3 . Then , since ,

with (2.2),

> A~~(A 2 -A
3 ) 2 

, A~~(A 1-A
3 ) 2 

> A~~(A 1-A 2 ) 2 
, (7.18)

it follows that the condition

2A ~~(A 1-A 3 ) 2 g” + g ’ > 0 , (7.19)

implies the remaining two conditions (7.13)2.

The condition (7.19) may be rewritten as

2A ~~(A
1-A

3
) 2 g” + g ’ = e , r > 0 . (7.20)

From (7. 20) 1 and ( 7 . 14 ) i,  we obtain

a _~ L__ __ 
(Gg ’ + ec~ ) , (7.21)

A 2 (X
1-A

3)

wh ere

0 = A~~(A 1
- ;~3 ) 2

~~ - 

~3 
. ( 7 . 2 2 )

Writing 2.~ = 1 - 9.~ - 2~ in the expression (7.15) for
and and regarding C as a function of and

it follows that if C has a minimum , it occurs when

— • -_- • - — - — - —- - - • - • _ _ • _ , _ - — - _ ~ •—- _——— - ,rr~ r~
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2X~~(X~ -X~ )2.~ - (X~ +A~ ) (X~ -X~ )2.~

= (A~~-k ~~) -

(7.23)
2 A ~~(X ~~- X ~~) 2 .~~- ~~~~~~~~~~~~~~~~~~~

= A~~(X ~~-A ~~) - A~~(A 1-X
3 ) 2

i .e. when

(X~~-A ~~) (A~~-A ~~) Z ~ = - {X ~~(X ~~-A ~~) + 2A 2
}

( 7 . 2 4 )
= A~~(X -\ ~~) - 2X 2

Since > > , the value of ~~ given by (7.24) is

• negative and according ly, C does not possess a minimum value

for real values of 2.

We find , f rom (7 . 2 2 )  and (7.15) and the fact that ~ is

a unit vector , that

= (\1-X 3)
2 A~~(X 2 1~~- A

3
2.~~) 2

+ A
3

(A
1-A 2) ( X

2
+ \

3)
2 (2A X -\ A -k~~~ )2.22.2 > 0 ,

C J 2 . 0 
= (A 1-A

3 ) 2 
~~~~~~~~~~~~~~~~ ( 7 . 2 5 )

+ A 1
(A
2-A

3
) ( A

1
+k 2)

2(A 1
\ 2+k

1~ 3 -2A 2
\
3
)2.~~~ > 0 ,

= X~~(X 1~ A
3)

2(\
12.2~ A ; 2 ) 2 > 0

We note tha t GL 0 
= 0 if and only if = A 3

2.~

By an argument similar to that used in showing that F ~ 0

it follows that C > 0 for all real 2. and the value G = 0
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is taken only when 9. is perpendicular to the 2-direction .

It then follows from (7.21) and (7.15), with (7.20), that

a > 0 for all 2 if w has the form (7.12) and the conditions

(4.6) are satisfied.

Acknowledgement. The results presented in this paper were

obtained in the course of research sponsored by the Office of

Naval Research under Contract No.N 0 0 0 l 4 6 C 0 2 3 5  with Lehig h

University .



} - 26 -

• • References

[13 K.N . Sawyers and R .S. R iv l in , Int. J. Solids Structures

9, 607 (1973)

[2]  M. Baker and J. L. Er icks en , J. Washington Acad. Sc iences

44 , 33 (1954)

[3] K . N .  Sawyer s and R .S. R ivl in , Int. J. Solids Structures
10, 483 (1974)

[4] J .L .  Er icksen , J. Rational M ech.  Anal. 2 , 141 (1953)

[5] D.V. Widder , Advanced Calculus , Prentice Hall: New York

( 1 9 4 7 ) .



PART 1 - GOVE RN MENT

Administrative & Liaison
Activi ties

Chief of Naval Research Commanding Officer
Department of the Navy AMXMR-ATL
Arlington , Virginia. 22217 Attn : Mr. J. Bluh m
Attn : Cod~ 439 (2) U.S. Army Materials Res. Agcy .

471 Watertown, Massachusetts 02172

Director Watervliet Arsenal
ONR Branch Office MAGGS Research Center
495 Summer Street Watervliet , New York 12189
Boston, Massachusetts 02210 Attn : Director of Research

Director Redstone Scientific Info.Center
ONR Branch Office Chief, Document Section
219 S. Dearborn Street U.S. Army Missile Command
Chicago , Illinois 60604 Redstone Arsenal , Alabama 35809

Director Army R & D Center
Naval Research Laboratory Fort Belvoir , Virginia 22060
Attn : Library , Code 2029 (ONRL )
Washington , D.C. 20390 (6) Technical Library

Aberdeen Proving Ground
Commanding Officer Aberdeen , Maryland 21005
ONR Branch Office
207 West 24th Street Na vy
New York , New York 10011

Commanding Officer & Director
Director Naval Ship Research & Develop—
ONR Branch Office ment Center
1030 E. Green Street washington , D.C. 20007
Pasadena , California 91101 Attn : Code 042 (Tech.Lib.Br.)

700 (Struc.Mech .Lab.)
U.S. Naval Research Laboratory 720
Attri : Technical Information Div. 725
Washington , D.C. 20390 (6) 727

Defense Documentation Center Naval Weapons Laboratory
Cameron Station Dahigren , Vi rainia 22448
0. . :~andria , Virginia 22314 (20)

N a va l  Research Laborato ry
- •

~ Was u i n t t o n , D.C. 20390
A t ta : Code 8400

Commanding Officer 8410
U.S. Army Research Office Durham 8430
Attn: Mr. J.J. Murray 8440
CRD-AA-IP, Box CM, Duk e Station 6300
Durham , North Carolina 27706 6305

6380
I



— 2 —

Undersea Exp losion Research Div. Director
Naval Ship R & ID Center Naval Air De ’;e~~upu~ent CenterN o r f o l k  Naval Shipyard Johnsv ill e
Portsooath , Virginia 23709 Warminster , P~~. 18974
Att :i : Dr. Schauer Code 780

Naval Air 5’~ sterns ,ni:iand
N a v a l  Ship R & D Center Dept. ct the Nay’:
A n na p ol i s  Division W a s h in ;t c n , D.C. 20360
Annapolis, Maryland 21402 Attn : NAI P 320 Acro & Structures
A t t n : Code A800 , M r . W . L .  Wil l iams 532 S t ru o ~~ur es

604 V~~ch .  L ib ra ry
Technical  Library 5203 1F N i t e r i a l s
Na v a 1. Vnderwater  Weapons Center
Pasadena Annex Nava l  Fa c i l i t i e s  Engng.C omm and
3202 E. Foothill Blvd . Dept .  of the Nay
Pasadena , California 91107 Washington , D.C. 20360

Attn : NFAC 03 Res. & Development
U S. N a v a l  Weapons Center 04 En jug. ~. Desi gn
China Lake , Cal i fo rnia 93557 l 4 L l ~ Tech. L i b r a r y
At tn : Code 4520 Mr . K e n  Bischel

Naval Ship ~~ s :ems ~‘~~nmand
U.S. Naval Ordnance Laboratory Dept. of ~Ne Navy

~h cha:ucs Division W a s h i n n ~ on , 1) . ‘ . .Y)360

~FD 1, Wh i t e  Oak At tn : N s H r n  031 C h . S c i .  for  R & D
Silver 5~~r i r t H ,  Mary land 20910 0342 0h~~. - ~a ts.& Structs .

~05... ft ch . 0ii r a ry
u . s .  :~uva1 Ordnance Laboratory
A t t ~n :  M r .  H .A.  Perry , Jr .  N~o.al  Sh i f l  }o io1ne er i i i ~ Cente r
N c n — N o t~~ll ic  Mater ia l s  Division Pr ince  Door ~~- P l a z a
Silve r Sprin~j ,  M ary land 20910 } l v a t t s v i l l e , M a r y l a n d  20782

A t t o :  N SEC 6 100 Sh ip  S y s . E n g r . & D . D .
Tech~nc a l  Director 6 l02C ~ ot e r— A i d e d  Ship D.
U.S. Nav~~i Und ersea R & D Center ~]05 Ohi; Pro tection

• S in Diego , California 92132 t~ll0 H h i p  concept  Design
t~l20 Pull Div.

Supervisor of Shipbuilding 6~~20D Hull D iv .
U.S. Navy 6126 Sorface Ship Struct.

• Newport News , Virginia 23607 6l2Q Submarine Struct.

Technical  Di rector M ivol~ Ordn i~ ce Systems Command
° Mar e  I s la nd  Naval  Sh ipya rd  D er t .  of ch N

Vallejo , Cal i forn ia  9 4 5 9 2  Washin g ton , D.C. 20360
A ttn~ N I MU ) 03 D O S .  & Technology

U.S. N a v a l  Ordnance Station ~35 Wee i a  Dynamics
A~~t n :  Mr. Garet Bornstein ~)i32 Tech , l ibrary
Research & Development Div.,
Ind ian  Head , Mary land  20640  E n g i m c ~ inq Dc ~i t m e n t

U.S . N a v a l  A ,a
Chief of Naval  Operat ions Annapol is ,  M a r y l a n d .  2 1402 .
f ) o r , a  r U~~ n t  of the ~‘lavy
Washington, D.C. 20350 f f ’N~~~~1 R h  

Rep.

Attn : Code OP—07T Un i v rrsi~~ o D n s v l v m i a
The N~~~re S:h l ~~ Elec. Engng.Deep Submergence Systems 200 SoDh 3~ rd S~~r~°t‘; o ’i l  Sh ip  Syr  Lems Command Ph i  La y 1  .10  f a .  i ? 104

Code 39522, D e p t .  of the Navy
• Wa s hj n q t ; , D . C .  20360

J~’ ri : Chie~ Scientist.

-~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~
— —-— ~

—-- 4



— 3 —

Air Force

Commander WADD National Science Foundation
Wri ght-Patterson Air Force Base Engineering Division
Dayton , Ohio. 45433 Washington, D.C. 20550
Attn : Code WW RMDD

AFFDL ( FDDS ) Director , STBS
Structures Division Defense Atomic Support Agency

AFLC (MCEEA) Washington , D.C. 20350
Code WWRC

AR1~4L ( MAAM ) Commander Field Command
Defense Atomic Support Agency

Commander Sandia Base
Chief , Applied Mechanics Group Albuquerque , New Mexico 87115
U.S. Air Force Inst. of Tech .
Wright-Patterson Air Force Base Chief , Defense Atomic Supp. Agency
Dayton, Ohio. 45433 Blast & Shock Division

The Pentagon
Chief , Civil Engng. Branch Washington, D.C. 20301
WLRC , Research Division
Air Force Weapons Lab . Director Defense Research & Engng.
Kirtland AFB , New Mexico 87117 Technical Library , Room 3C-128

The Pentagon
Air Force Office of Scientific Res. Washington , D.C. 20301
1400 Wilson Blvd .
Arlington , Virginia 222 09 Chief , Airframe & Equipment
Attn : Mechs. Div. FS-l20

O f f ice of Flight S tandards
NASA Federal Aviation Agency

Washington , D . C .  20553
S tructures Research Division
Na t iona l  Aeronautics & Space Admin. Chief of Research & Development
Langley Research Center Maritime Administration
Langley Station Washington , D.C. 20235
Hampton, Virginia. 23365
Attn : Mr.  R.R. Heldenfels , Chief Mr .  Mil ton Shaw , Director

Div. of Reactor Dev. & Technology
National Aeronautic & Space Admin. Atomic Energy Commission
Assoc. Administrator for Advanced Germantown, Maryland. 20767

• Research & Technology
Washington , D.C. 20546 Ship Hull Research Committee

National Research Council
Other Government Activities National Academy of Sciences

2101 Constitution Avenue
Technical Director Washington , D.C. 20418
Marine Corps . Dev. & Educ. Attn : Mr. A.R. Lytle.

Command
Quant ico, Virginia 221 34

Director
National Bureau of Standards
Washington , D.C. 20234
Attn : Mr. B.L. Wilson , EM 219.

I



— 4 —
PART 2 - CONTRACTORS AND OTHER

TE CHNI CAL COLLABORATORS

Universities

Professor J.R. Rice Professor Paul M. Naghdi
Division of Engineering Div. of Appl. Mechanics
Brown Univers i ty  Etcheverry Hall
Providence , Rhode Island 02912 University of California

Berkeley , California 94720
Dr. J. Tinsley Oden
Dept. of Engng. Mechanics Professor W. Nachbar
Univers i ty of Alabama Univers i ty  of C a l i f o r n i a
Hun tsville , Alabama 35804 Dept. of Ae rospace and Mech . Engng.

La Jol la , Ca l i fo rn i a  92037
Professor R.S. Rivlin
Center for the Application of Professor J. Bal t rukonis

Mathema tics Mechani cs Division
Lehigh Ur.iversity The Catholic University of America
Be thlehem , Pa. 18015 Washington , D.C. 20017

Professor Julius Miklowitz Professor A.J. Durelli
Div. of Eng g. & Appi . Science Mechanics Division
Cal i fornia Institute of Tech. The Catholic University of America
Pasaden a , Cal i fo rn ia  91109 Washington , D. C . 20017

Professor George C. Sih Professor H.H . Sl c i o h
Department  of Mechanics Dept. of Civ i l  E n g n g . ,

• LehLjh Un i v e r s i t y  Coluntia U n i v e r s i t y
• Be th lehem , Pa .  18015 Ams terdam & 120th Street

New York , N .Y . 10027
Dr. ll0r old Lieb~~~~tZ , Dean
School of E n g n g .  & Appi.  S c i . ,  Professor  R . D .  Mindlin
George Washington University Department of Civil Engng .
725 , 23rd Street Columbia University
Washin~~ton , D . C .  20006 S .W.  Mudd Bu ild ing

• New York , N . Y .  10fl27
Professor Eli Sternberg
Div. of Engng .  & Appl .  S c i . ,  Professor  A . M .  F reudenthal
Cal . Institute of Technology George Washington U n i v e r s i t y

• Pasadena , Ca l i fo rn i a  91109 School of E n q ng .  & Appi.  S ci . ,
Washington , D.C. 20006

Professor  Bur t  Paul  
• Dean Bruno A. BolL~:University of Pennsylvania Technological Institute

Towne Sc~oo1 of Civil and Northweste rn University
Mechanical  En g n g . ,  2145 Sheridan Road

Room 113 Towne Bui lding Fvanston Illinois . 60201.220 South 33rd Street
Philadelphia , Pa. 19104 Professor P.G. Hedae

Deoartment of Aerospace E n g n g .
Professor  S .B .  Dong & Me chan ics , Univ. of Minnesota

• Un ive r s i t y  of C a l i f o r n i a  M i n n e a p o l i s , Minnesota. 55455.
Department of Mechanics
Los Angeles , California 90024 Dr. D.C. Drucker

Dean of Engineering
Universi ty of Illinois
Urbana , Illinois 61801.



• -
• 

—

- 5 -

Professor N.M . Newmark Professor A.C~ Er ingen
Dept. of Civil Engng. Dept. of Aerospace & Mech . Sci.,
U n i v e r s i t y  of I l l ino is  P r ince ton  Univers i ty
Urbana , Illinois. 61801 Prince ton , New Jersey . 08540

Professor James Mar Dr. S.L. Koh
Mass. Institute of Tech . School of Aero., Astro. & Engng.Sci .
Room 33—318 Purdue University
Dept. of Aerospace & Astro Lafayette , Ind iana .  4790 7
77 Massachusetts Ave .
Cambridge , Mass. 02139 Professor R.A .  Schapery

• Civil Enoineering Dept.
Library (Code 0384) Texas A & M Universi ty
U.S. Naval Postgraduate School College Station , Texas . 77840
Monterey , California. 93940

Pro fes so r  E . H .  Lee
Dr. Francis Cozzarelli Division of Engng. Mechanics
Div. of Interdisciplinary S tan fo rd  Un ive r s i t y

Studies and Research Stan ford , C a l i f o rnia.  94 30 5
Schoo l of Engineering
State University of N.Y. Dr. Nicholas J. Hoff
B u f f a l o , New York . 14214 Dept. of Aero. & As tro.,

Stan fo rd Universi ty
Professor R . A .  Douglas St a n f o r d , California 94305
Dept. of Engng. Mechanics
North Carolina State Univ. , Profe sso r Ma x Anlik er
Ralei gh , North Carolina 27607. Dept. of Aero. & Astro .

Stanford University
Dr. Geor ge Herrmann St anf ord , California 94305
Stanfo rd  Un ivers i ty
Dept. of Applied Mechanics Professor Chi-Chang Chao
Stanfo rd , California 94305 Div. of Engng. Mechanics

Stanford University
Professor J .D .  Achenbach Stan f ord , California 94305
Technological Institute
Northwestern University Professor H.W. Liu
Evans ton , I l l ino i s  602 01 Dep t . of Che m . Engn g . & Metal .

Syracuse University
Director , Ordnance Research Lab . Syracuse , New York 13210
Pennsylvania State University
P.O. Box 30 Professor S. Bodner

N State College , Pa. 16801 Technion R & D Foundation
H a i f a , Israe l

Professor J. Kempner
Dept.  of A e r o .,  E n gr t g . ,  & Dr. S. Dhawan , Direc tor

Applied Mechanics Indian Institute of Science
Polytechnic Inst. of Brooklyn Bangalore , India
333 Jay Street
Brooklyn , New York 11201 Professor  Tsuyoshi  Haya sh i

Department of Aeronautics
• Professor J. Kiosner Faculty of Engineering

Polytechnic Inst. of Brooklyn University of Tokyo
333 Jay Street Bunkyo-Ku
Brooklyn , New York . 11201 Tokyo , Japan .



p. — ••
~ 

----- --•- •- •- -

— 6 —

Professor J.E. Fitzgerald Dr. Y. Weitsman
r ’ h a i r m a n , Dept. of Civil Eng. Dept. of Engng. Sciences

‘riivers ity of Utah Tel—Aviv University
Salt Lake City , Utah . 84112 Ramat—Aviv , Tel-Aviv, Israel.

Professor R.J.H. Bollard Professor W.D. Pilkey
Chairman , Aero. Engng. Dept., Dept. of Aerospace Engng.
207 Guggenheim Hall University of Virginia
Univer s i ty  of Washington Charlottesville , Virginia 22903
Seattle , Washington. 98105

Professor W. Prager
Pr~oessor A .S. Kohayashi Division of Engineering
Du et .  of Mech . Engng. Brown University
Y n i : c rs i t y  of Washington Providence , Rhode Island 02912
Seattle , Washington 9 8105

Industry & Research Institutes
Professor G.R. I rwin
Dept. of Mechanical Engng. Mr. Carl E. Harthower
i~~hl~~h triiversity Dept. 4620 , Bldg. 2019 A2
Bethlehem , P a .  18015 Aerojet—General Corp.

• P.O. Box 1947
Dr. P in i e l  Frederick Sacramento, California. 95809

• [)cot. of Engng.  Me chan ics
~•~i i ~~in i a  Po ly technic  I n s t .
B1ac~ sburg , Virg ini a. 240 61 Libra ry Services Department

Report Section, Bldg . 14-14
P r c t usso r  Lambert Tal l  Argonne Na t iona l  Laboratory
Ia~hL ~h University 9400 S. Cass Avenue
Dept . of Civil  E n q n g .  Argonne , I l l ino i s .  60440
B h l eh c m ,  Pa .  18015

Dr. F.R. Schwarzl
Professor ~1.P.  Wnuk Central Laboratory T.N.O.

— So . D ako ta  S tate Unive r s i ty  Schoenmakerstraat 97
Dept .  of Mc~*ianical Engng. Deift , The Netherlands .
Brookings, South Dakota 57006

P r o f e s s o r  N o r m an  Jones Val F r ge~~~~~~~ Technology C~n.
M a a s .  I ns t i t ut e  of Tech . eral &1~~ tric çø-: -~~~

Dept.  of Nava l  Arch . & Mar.Engng. Vall~~~ forge,~~~~~ l043~~
’ II( 4 i ~~~~

oa~iiLr idge , M O S S .  02139
• Library Newport News Shipbuilding

Professor Pedro V. Marcal & Dry Dock Company
Brown Universi ty Newpor t News , Vi rg inia  23607

• ij i v i s i O n  of E n g i n e e r i ng
Providence , Rhode Island 02912 Di rector

Ship Research Institute
Protussor Werner Goldsmith Ministry of Transportation
Dept . of Mech . Engng. 700, SHINKAWA , Mi tak a

• • D i v i s i o n  of A p p i .  Mechanics Tokyo , Japan.

- 

• U n i v e r s i t y  of C a l i f o r n i a
Berkeley , C a l i f o r n i a .  9 4 7 2 0  Dr .  H . N .  Abramson

Southwest Research Institute
Pt tessor k.B. Testa 8500 Culebra Road
N e t .  ot Civil Enqng. San Antonio , Texas . 78206.
Columbia Univ. , S.W. Mudd Bldg.
Now York , N.Y . 10027,



— 7 —

Dr. R.C. Del-lart
Southwest  Research I n s t i t u t e
8500 Culebra Road
San Antonio , Texas . 78206

M r .  Ro ger Weiss
Hi~~h Temp . Structurs . & Mat’ls .
Applied Physics Lab .
8621 Georgia Avenue
S ilv er  S p r i n g ,  Mary l and .  20910

Mr. E.C. Francis , Head
Muon . Pruns. Eval .
U n i t e d  Technology Center
Sunnyvale, California . 94088

Mr. C.N. Robinson
Atlantic Research Corp .
Sh irley Hi  ~hw ay  at  Edsall Road
Alexandria, V i r g i n i a .  22314

~ft. P.C. Durup
Ae r o r l ue h on ic s  Dent. 74—43

• Lu~~r~~ie~ N —  a ~ i fu m i  a Co.
Burbank , California. 91503

:i~
- . U. cilson

Litton Systems , Inc.

A•N D, D e n t .  400
El SeN aeon
9920 W. Jof ~~er son  B l v d .
Culver  C it ; ,  California. 90230.

Dr. Kevin J. Forsherg, Head
Sol id  ~- 1eL~~ A n i C S
O r qn .  5 2 — 2 0 , B ld g. 205
L o ck h c : n  Palo Al to Research Lab .
Palo Al to , California. 94302.

Dr. E. N.Q. Roren
Head, Re r;carch Department
Det N o r e k e  Veritas
Pos t  bOX 6060
O s ,  No rit a y .

• D r .  Andrew F. Cono
Hydronaut :ics , Inc.,
Pje~ oll School Road
Howard C ou n t y
~~en e1, Mary la nd . 20810.



Unclassified
S. . i i r ; t v ( ~~~~ (i• ..I ~.r

DOCUMENT CONTROL DATA . R & D
(..• r . . ra ty  ci.. ,i ~,rai,un at t i t le , h..dy .4 ,,b.Ir.,, t ••,•c I •,,dre,,. 4 • ~~~ ((l O i n  (t.n.t in- Ct, luri d wit. ,, (hi nt’i•t.iil t•j~#fl I • *Ihviit

O S I U , r . A T , N G  A t T , V t 7 V  (ti.rporatr iniIh~.,) .0 . NI t O N i  SI c u c • t v  ( L A t S I l  • (  s i i o o

Center for the Application of Mathematics ~~~~~ _. Unclassified

Lehig h Univers i ty ~

3 REPORT

/ / On the Speed of Propagation of Waves in a Deformed
Elastic MateriaL

a 0 E S C R I P~~ I V E  No t Es (Ty pe of report and.,nclu. re d. te5)

Unclassified Technical Report ~~ April 1977
A *U ~RQ~~4It ‘F”•t ~t m e . ntf d if le  m Ute I. act ,,nmr ~ - 

-

K . N . /Sawyers ~~~~R.S .’ Rivlin ,‘ / ‘ ‘ I
/ ; f / Lj .  ‘ -  •.

C R EP O R t  D A T E  ia. r o r A i  ~ o or n A G E S  7b. NO or R E FA
Apr~~ ~~77 1~’ 

26 1
sa. co ,~c~~~ ~~~~~~~~~~~~~~ 

- 
• ~a• O R I G t N OR~~~~~~P~ N U M B E R ( S )

N00014-76-C-0235 —
~~~~ CAN-100-27 

~ 
—

~~~b. PROJECT NO

9b. O THER REPOR I N O ( S )  (Any oth.,, number, f f01 may be a.signed
t h.a report)

to O IITCIS U TION STA TEME,4T

Distribution of this document is unlimited

I t  5 U P P L L U ( N T A R S  N O T E S  ( 2 - S P O N S ON I N O  M I L I T A N T  A C T I V I T y

Office of Naval Research
Arlington , Va.

3

The secular equation is obtained for small amplitude waves

prop agated in an arbi trary d i r ecti on in a body of incompress ible

iso trop ic elas t ic ma ter ia l  sub jec ted to a pur e homo gen eous defor-

ma tion. Conditions are obtained that the wave speeds be real.

,-
~~~ /n;

I 
• 
.

D D FORM I (PAGE I ) Unclassified
S/ N 0 1 0 7  8 0 7 - 6 8 7  I Secur ttv CIaCst f Ic at I r , n

F •



Unclassified
%c t u n t V  C l a a t i ( i . . t t o n

a I L I N K  A L I N K  • LIN . C
R E V  W O R D S  ______ ______ ______ ______ _____________

R O L L  W V  R O L E  W V  R O L E

ma ter ia l  stab i l i ty,
f i n i te deforma t ion ,

real wave speeds

DD , ‘~~..1473 ( BACK ) Uncl as s i f i e d
S/Il O t O l . ~~ O 7 - 6 C 2 t  Sec ur ity Class if ication

-I 

—~~~~~~~~~~ - • — -  —- • —~~~~
• ~~~~~~~~~~~~~~~~~~~~~~~~~ •~~~~~



— 2 —

Indus try_ & Research Institutes

Mr. W.K. Bills, Jr., Dr. Paul J. Blatz
Dept . 4722 , Bldg . 0525 Shock Hydrodynamics , Inc.
Aerojet-General Corporation 15010 Ventura Boulevard
P.O. Box 1947 Sherman Oaks ,

• Sacramento , California. 95809 Los Angeles , C a l i f o r n i a .  91403.

Mr. Ross H. Petty
Technical Library
Allegany Ballistics Lab.
Hercules Powder Company
P.O. Box 210
Cumberland , Maryland. 21501

Mr. R.F. Landel
Jet Propulsion Laboratory
4800 Oak Grove Drive
Pasadena , California. 91103

Mr. Harry Leeming
Director, Research & Engng.
Lockheed Propulsion Company
P.O. Box ill
Redlands , California. 92374

Solid Rocket Division
Rocketdyne
P.O. Box 548
McGregor, Texas . 76657

Dr.  Thor L. Smi th
IBM Research Labs.,
Monterey & Cottle Roads
San Jose, California. 95114

Hercules , Inc., Bacchus Works
S.C. Browning
Magna, Utah . 84044

Dr. Norman Fishman
Stanford Research Institute
Propulsion Sciences Division
Menlo Park , California. 94025.

McDonnell-Douglas Corp.
Douglas Aircraft Company Div.
R.V. Mellette , A2-260
3000 Ocean Park Blvd .
Santa Monica , California. 90406.

Hercules, Inc.,
Bacchus Works
James H. Thacher
Magna , Utah . 84044.

• - ~~~• 

- -_ _•~~~~~ -—--  
• - -  •~~~ _ _



PART - 3

A Supplement List for Reports Mr. J.D. Ray , Chief
Relating to the Mechanical Behavior Plastics & Composites Branch
of Viscoelastjc Materials. Nonmetallic Mat’ls Division

• Air Force Mat’ls Laboratory
Army Wright-Patterson AFB , Ohio 45433

Army Missile Command NASA
Redstone Arsenal , Alabama 35809
Attn : AMSMI-RKP Mr. T.H. Duerr National Aeronautics & Space Admin .

Code RPS ( R . W .  Z iem)
Ballistic Research Laboratories Washington , D.C. 20546
Aberdeen Proving Grounds
Aberdeen , Maryland. 21005 Universities
Attn : Dr. Alex S. Elder

Mr. H.P. Gay Professor F.R. Eirich
Poly technic I n s t .  of Brooklyn

Picatinny Arsenal 333 Jay Street
Dover , New Jersey. 07801 Brooklyn , New York . 11201
At tn : Mr. Ben Lehman

Profess9x~A.V. Tob9..~~1cy •~ —~~~

Navy Dept~—6f Chemi sj.r ~ ~ç \
P~~~ ceton U rsity~~—~

Chief of Naval Research ~~rinceton4-~~ ew Jers~~~. 08540
Department of the Navy
Ar l ington , Virginia. 22217 Dr. Rodney D. Andrews
Attn : Code 472 Themis Project Director

Dept. of Chemistry and
U.S. Naval Weapons Center Chemical Engineering
China Lak e , Ca l i fo rn ia  9 35 57 S tevens Ins t i tute of Technolocv
Attn : Code 6058 Dr.A. Adicoff Hoboken , New Jersey . 07 030

Naval Air  Systems Command P r o f e s s o r  F.  Wagner
Department of the Navy Solid Rocket Struct. Integrit; Ctr.,
Washington , D . C .  20360 Dept. of Mechanical Engng.
Attn: NAIR Code 330 Propulsion University of Utah

5367 Rocke t Components Salt Lake Ci ty ,  L’tah . 84112

Nava l Ordnance Systems Command Dr. M.L. Williams
Department of the Navy Dean of En~~ineering
Washington , D.C. 20360 University o~ Utah
Attn : NORD Code 0331 Prop . & Propellants

S a l t  Lake City, Utah . 84112.
Air Force

Cal i f ornia Ins t. of Tech nology
• Commander Attn : s ecur it y  O f f i c e r

Rocket Propulsion Laboratory (for Prof. W.G. Knauss)
E Uiards AFB , Ca l i fornia  93523  1201 Eas t C a l i f o r n i a  Blvd .

• At tn : RP MC Dr. F.N. Kelley Pasadena , California. 91109.
MKPB Mr. N. Walker

University of California
College of Engineering
Professor K.S. Pister
Berkeley , California. 94720. 

- •


